In this note, we investigate the Hamming weight enumerators of self-dual codes over F q and Z k . Using invariant theory, a basis for the space of invariants to which the Hamming weight enumerators belong for self-dual codes over F q and Z k is determined.
Introduction
Several types of weight enumerators of self-dual codes have been investigated as an application of invariant theory. It is a fundmental and important problem in algebraic coding theory to determine the ring of invariants to which some weight enumerators belong for a class of self-dual codes. MacWilliams 6] showed that the Hamming weight enumerator of the dual code C ? is uniquely determined by the Hamming weight enumerator of a code C over a nite eld F q of q elements where q is a prime power. Recently the MacWilliams identity for codes over the nite ring Z k of integers modulo k has been established in 5]. These MacWilliams identities imply that the Hamming weight enumerators of self-dual codes are invariant under the linear transformation derived from the MacWilliams identity. Moreover the Hamming weight enumerators of certain self-dual codes are invariant under a group. For example, the Hamming weight enumerator of binary Type II codes is invariant under a group of order 192 and is a polynomial in the Hamming weight enumerators of the extended Hamming code and the extended Golay code. This is the well-known Gleason's theorem (cf. 8]). As a generalization of Gleason's theorem, a basis for the space of invariants to which a class of weight enumerators belong for formally self-dual codes and self-dual codes over F q was given in 7] .
In this note, we investigate the Hamming weight enumerators of self-dual codes over F q where q is an odd prime power 3 (mod 4) and over Z k . In 7] the Hamming weight enumerator of a self-dual code over F q was studied for an odd prime power. We emphasize that if q 3 (mod 4) then the Hamming weight enumerator is also invariant under an additional matrix derived from the restriction on the length. The main results of this note are Theorems 3.5 and 3.6 which summarize the structures of the rings of invariants to which the Hamming weight enumerators belong for self-dual codes over F q and Z k .
Preliminaries

Codes
We give the necessary background from coding theory, de ne self-dual codes and the Hamming weight enumerators. In particular, recently there has been interest in codes over nite rings as well as nite elds. Thus we rst give de nitions of codes over nite elds then codes over nite rings, speci cally the ring Z k .
A linear n; k] code C over F q is a k-dimensional vector subspace of F n q . The parameter n is called the length of C. The elements of C are called codewords and the Hamming weight wt(x) of a codeword x is the number of its non-zero coordinates. The minimum weight of C is de ned by minfwt(x) j 0 6 = x 2 Cg. An n; k; d] code is an n; k] code with minimum weight d. Let x = (x 1 ; : : : ; x n ) and y = (y 1 ; : : : ; y n ) be two elements of F n q . We de ne the inner product of x and y on F n q by x y = x 1 y 1 + + x n y n over F q . The dual code C ? of C is de ned as C ? = fx 2 F n q j x y = 0 for all y 2 Cg. C is self-dual if C = C ? .
A code C of length n over Z k is an additive subgroup of Z n k . Let x = (x 1 ; : : : ; x n ) and y = (y 1 ; : : : ; y n ) be two elements of Z n k . We de ne the inner product of x and y on Z n k by x y = x 1 y 1 + + x n y n (mod k). The dual code C ? of C is de ned as C ? = fx 2 
Invariants
The conditions satis ed by the Hamming enumerators of self-dual codes over F q were investigated in 7]. The Hamming enumerators of self-dual codes belong to the ring of polynomials xed by the group of substitutions and it is possible to nd explicit generator polynomials for this ring by the Molien series. For any nite group G of complex m m matrices, the Molien series G ( ) is given by G ( ) = Using invariant theory, a basis for the space of invariants to which the Hamming weight enumerators belong for self-dual codes over F q was given in 7]. Proposition 2.5 (MacWilliams, Mallows and Sloane 7]) Let It is the aim of this note to determine the structure of the invariant ring of the group generated by M 1 (q) and M 3 and give a basis for the space of invariants to which the Hamming weight enumerators belong for self-dual codes over F q where q 3 (mod 4) and the nite ring Z k .
Main Results
Structure of the Invariant Ring
In this subsection, we determine the structure of the invariant ring for the nite group G 3 Proof. G 3 (k) has order 8 and det(I ? g) is given in Table 1 for each element g of G 3 (k).
The Molien series follows from Table 1 . Remark. The ring is often smaller than the above ring for small q, e.g. q = 3 (cf. 8]). Theorem 3.6 Let C be a self-dual code over Z k .
(1) If k is a square then the Hamming weight enumerator of C is an element of the ring C x + ( p k ? 1)y; y(x ? y)].
(2) Suppose that no self-dual code over Z k for all odd lengths. Proof. Similar to that of Theorem 3.4.
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